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CHARACTERIZATION OF THE MONOTONE POLAR OF
SUBDIFFERENTIALS
MARC LASSONDE
Abstract. We show that a point is solution of the Minty variational inequality of subdiffer-
ential type for a given function if and only if the function is increasing along rays starting from
that point. This provides a characterization of the monotone polar of subdifferentials of lower
semicontinuous functions, which happens to be a common subset of their graphs depending
only on the function.
Given a graph T ⊂ X ×X∗, we call monotone polar of T the set
T 0 := {(x, x∗) ∈ X ×X∗ : 〈y∗ − x∗, y − x〉 ≥ 0, ∀(y, y∗) ∈ T}.
The object of this note is to characterize the monotone polar of subdifferentials ∂f of extended
real-valued lower semicontinuous functions f on a Banach space X.
We see from the above definition that a pair (x¯, 0) in X ×X∗ belongs to (∂f)0 if and only
if x¯ is solution of the Minty variational inequality of subdifferential type defined by:
sup〈∂f(y), x¯− y〉 ≤ 0, ∀y ∈ X.
We are thus led to consider such systems of inequalities.
In Section 1, we study Minty variational inequalities of (lower Dini) subderivative type for
functions f on a convex subset C ⊂ X. We show that a point x¯ ∈ C is solution of such a
system if and only if f is increasing on C along rays starting from x¯ ∈ C. (This is a variant of
[2, Theorem 2.1].) In Section 2, we consider the case of subdifferentials of functions f . These
objects are simply set-valued mappings ∂f : X ⇒ X∗ that lie between the subdifferential
of convex analysis for f and its Clarke subdifferential, and satisfy the so-called Separation
Principle. Using the link established in [5] between subderivative and subdifferential, we show
that Minty variational inequalities of subderivative type and of subdifferential type have the
same set of solutions. Finally, in Section 3, we provide the desired characterization of the
monotone polar of subdifferentials of functions f : it consists in the set of all pairs (x, x∗) in
X ×X∗ such that the perturbed function f −x∗ is increasing on X along rays starting from x.
Therefore, all subdifferentials have the same polar, which is a common subset of their graphs.
1. Minty variational inequality of subderivative type
In the following, X is a real Banach space with unit ball BX , X
∗ is its topological dual, and
〈., .〉 is the duality pairing. For x, y ∈ X, we let [x, y] := {x+ t(y − x) : t ∈ [0, 1]}, and [x, y[ is
defined accordingly.
All the functions f : X → ]−∞,+∞] are assumed to be lower semicontinuous and proper,
which means that the set domf := {x ∈ X : f(x) < ∞} is nonempty. The (radial or lower
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Dini) subderivative of a function f at a point x¯ ∈ domf is given by:
∀d ∈ X, f ′(x¯; d) := lim inf
tց0
f(x¯+ td)− f(x¯)
t
.
Here is a simple version of the mean value inequality for extended real-valued lower semi-
continuous functions in terms of the subderivative (for a proof, see, e.g., [4, 5]):
Mean Value Inequality. Let X be a Banach space, f : X → ]−∞,+∞] be lower semicon-
tinuous, x¯ ∈ X and x ∈ dom f . Then, for every real number λ ≤ f(x¯) − f(x), there exists
x0 ∈ [x, x¯[ such that λ ≤ f
′(x0; x¯− x).
The next proposition asserts that, given a function f and a convex set C ⊂ X, a point x¯ ∈ C
is solution of the Minty variational inequality of subderivative type associated to f on C if and
only if f is increasing on C along rays starting from x¯. It is a variant of [2, Theorem 2.1].
Proposition 1.1. Let X be a Banach space, f : X → ]−∞,+∞] be lower semicontinuous,
C ⊂ X be convex and x¯ ∈ C. Then, the following are equivalent:
(a) f ′(y; x¯− y) ≤ 0 for every y ∈ C,
(b) f(y + t(x¯− y)) ≤ f(y) for every y ∈ C and t ∈ [0, 1].
Proof. We show that ¬(b) implies ¬(a). Assume there exist y ∈ C and y¯ ∈ [y, x¯] such that
f(y¯) > f(y). Applying the above Mean Value Inequality with 0 < λ < f(y¯) − f(y), we find
y0 ∈ [y, y¯[⊂ C such that
f ′(y0; y¯ − y) ≥ λ > 0.
Since x¯ − y0 = τ(y¯ − y) for some τ > 0, we have f
′(y0; x¯ − y0) = τf
′(y0; y¯ − y) > 0, proving
that ¬(a) holds.
Conversely, we show that (b) implies (a). Let y ∈ C and assume f(y + t(x¯− y)) ≤ f(y) for
every t ∈ [0, 1]. Then,
lim sup
tց0
f(y + t(x¯− y))− f(y)
t
≤ 0;
a fortiori, f ′(y; x¯− y) ≤ 0. 
2. Minty variational inequality of subdifferential type
The subdifferential of a lower semicontinuous function f in the sense of convex analysis at a
point x¯ ∈ domf is the subset of X∗ defined by
∂cxf(x¯) := {x
∗ ∈ X∗ : 〈x∗, y − x¯〉+ f(x¯) ≤ f(y), ∀y ∈ X}.
The Clarke subdifferential [1] of f at x¯ ∈ dom f is given by
∂Cf(x¯) := {x
∗ ∈ X∗ : 〈x∗, d〉 ≤ f↑(x¯; d), ∀d ∈ X},
where
f↑(x¯; d) := sup
δ>0
lim sup
tց0
x→f x¯
inf
d′∈d+δBX
f(x+ td′)− f(x)
t
.
It is easily seen that ∂cxf(x¯) ⊂ ∂Cf(x¯) with equality whenever f is convex lower semicontinuous.
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In what follows, we call subdifferential any operator ∂ that associates a set-valued mapping
∂f : X ⇒ X∗ to each function f on X so that ∂f lies between ∂cxf and ∂Cf :
(2.1) ∂cxf ⊂ ∂f ⊂ ∂Cf,
and satisfies the elementary property ∂(f−x∗)(x) = ∂f(x)−x∗ for all x ∈ X and x∗ ∈ X∗. We
also require that subdifferentials satisfy the following basic calculus rule on the Banach space
X:
Separation Principle. For any lower semicontinuous functions f, ϕ on X with ϕ convex
Lipschitz near x¯ ∈ domf∩domϕ, if f+ϕ admits a local minimum at x¯, then 0 ∈ ∂f(x¯)+∂ϕ(x¯).
Examples. The Clarke subdifferential and the Ioffe subdifferential satisfy the Separation
Principle in any Banach space. The limiting versions of the basic elementary subdifferentials
(proximal, Fre´chet, Hadamard) satisfy the Separation Principle in appropriate Banach spaces.
All these subdifferentials also satisfy the inclusions (2.1) For more details, see, e.g., [3, 4] and
the references therein.
Here is the link between subderivative and subdifferential. It involves the following ε-
enlargement of the subdifferential:
∂˘εf(x¯) := {x
∗
ε ∈ X
∗ : x∗ε ∈ ∂f(xε) with ‖xε − x¯‖ ≤ ε, |f(xε)− f(x¯)| ≤ ε, 〈x
∗
ε, xε − x¯〉 ≤ ε}.
Subderivative/Subdifferential Inequality [5]. Let X be a Banach space, f : X → ]−∞,+∞]
be lower semicontinuous and x¯ ∈ dom f . Then, for every ε > 0, the sets ∂˘εf(x¯) are nonempty
and
(2.2) ∀d ∈ X, f ′(x¯; d) ≤ inf
ε>0
sup〈∂˘εf(x¯), d〉.
Injecting Formula (2.2) into Proposition 1.1 enables us to show that Minty variational in-
equalities of subderivative type and of subdifferential type on an open convex set have actually
the same set of solutions. This complements our previous result [5, Theorem 3.3] on optimality
conditions in terms of subdifferentials.
Theorem 2.1. Let X be a Banach space, f : X → ]−∞,+∞] be lower semicontinuous, U ⊂ X
be open convex and x¯ ∈ U . Then, the following are equivalent:
(a) sup〈∂f(y), x¯− y〉 ≤ 0 for every y ∈ U ,
(b) f(y + t(x¯− y)) ≤ f(y) for every y ∈ U and t ∈ [0, 1].
Proof. We show that ¬(b) implies ¬(a). Assume there exist y ∈ U and y¯ ∈ [y, x¯] such that
f(y¯) > f(y). Then, by Proposition 1.1 there exists y0 ∈ U such that f
′(y0; x¯ − y0) > 0. Let
ε > 0 such that f ′(y0; x¯− y0) > ε and y0+ εBX ⊂ U , and apply Formula (2.2) at point y0 and
direction d = x¯− y0 to obtain a pair (yε, y
∗
ε) ∈ ∂f such that
‖yε − y0‖ < ε, 〈y
∗
ε , yε − y0〉 < ε, 〈y
∗
ε , x¯− y0〉 > ε.
Hence, yε ∈ U and y
∗
ε ∈ ∂f(yε) satisfy 〈y
∗
ε , x¯− yε〉 > 0, which proves ¬(a).
Conversely, let us assume that f(y′ + t(x¯ − y′)) ≤ f(y′) for every y′ ∈ U and t ∈ [0, 1].
We have to show that sup〈∂f(y), x¯ − y〉 ≤ 0 for every y ∈ U . Let y ∈ U . We claim that
f↑(y; x¯− y) ≤ 0. Indeed, let δ > 0 such that y + δBX ⊂ U , t ∈]0, 1] and y
′ ∈ y + δBX . Then
inf
d′∈x¯−y+δBX
f(y′ + td′)− f(y′)
t
≤
f(y′ + t(x¯− y′))− f(y′)
t
≤ 0.
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It follows that, for any δ > 0,
lim sup
tց0
y′→fy
inf
d′∈x¯−y+δBX
f(y′ + td′)− f(y′)
t
≤ 0,
hence, f↑(y; x¯− y) ≤ 0. This proves the claim. We derive that
sup〈∂Cf(y), x¯− y〉 ≤ f
↑(y; x¯− y) ≤ 0,
so also sup〈∂f(y), x¯− y〉 ≤ 0 since ∂f ⊂ ∂Cf . This completes the proof. 
3. Monotone polar of subdifferentials
Given a set-valued operator T : X ⇒ X∗, or graph T ⊂ X ×X∗, we let
T 0 := {(x, x∗) ∈ X ×X∗ : 〈y∗ − x∗, y − x〉 ≥ 0, ∀(y, y∗) ∈ T}
be the set of all pairs (x, x∗) ∈ X ×X∗ monotonically related to T . As in [6], we call monotone
polar of T the operator T 0 : X ⇒ X∗, or graph T 0 ⊂ X × X∗, thus defined. An operator
T : X ⇒ X∗ is said to be monotone provided T ⊂ T 0, maximal monotone provided T = T 0
and monotone absorbing provided T 0 ⊂ T .
In [5] we proved that all subdifferentials of lower semicontinuous functions, not only the
convex ones, are monotone absorbing. Below we show a more precise statement: the monotone
polar of any subdifferential ∂f is precisely the set of all pairs (x, x∗) ∈ X ×X∗ such that the
perturbed function f −x∗ is increasing along all rays starting from x. Thus, all subdifferentials
of lower semicontinuous functions have the same monotone polar and are monotone absorbing.
Theorem 3.1. Let X be a Banach space and let f : X → ]−∞,+∞] be proper lower semicon-
tinuous. Then, for every x ∈ X,
(∂f)0(x) = {x∗ ∈ X∗ : (f − x∗)(y + t(x− y)) ≤ (f − x∗)(y), ∀y ∈ X, t ∈ [0, 1] }.
Proof. Let x∗ ∈ (∂f)0(x). This means that 〈y∗ − x∗, y − x〉 ≥ 0 for every (y, y∗) ∈ ∂f . Since
∂(f − x∗)(y) = ∂f(y)− x∗, this can be rewritten as
sup 〈∂(f − x∗)(y), x− y〉 ≤ 0 for every y ∈ X,
which is equivalent by Theorem 2.1 to
(f − x∗)(y + t(x− y)) ≤ (f − x∗)(y) for every y ∈ X and t ∈ [0, 1].
The proof is complete. 
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